We show how graph rewriting can be described with a single pushout in a suitable category of graphs, and compare our result with the conventional approach which uses double pushouts.
Introduction
The conventional algebraic approach of graph rewriting is originally due to Ehrig, Pfender and Schneider [i] , and is reviewed by Ehrig [2] ; it will be named after Ehrig in this paper. It uses double pushouts in a category of graphs to describe graph rewritings.
It would conceptually be much simpler if single pushouts could be used instead of double pushouts. Single pushouts have been used by Raoult [3] and Kennaway [4] to describe graphical term rewriting. A comparison of their approach with Ehrig's approach has been given in Van den Broek [5] .
In this paper we present an algebraic approach of graph rewriting which is as general as Ehrig's approach, and which uses single pushouts. This will be done by giving a category of graphs and graph In Ehrig's category of graphs, graph morphisms are total f, unctions on arcs and nodes, so each item (arc or node) of G has an image in H.
So in this category the diagram above can only describe rewritings
where items are added to G but none are deleted. Therefore Ehrig's method uses double pushouts, where both G and H arise as pushouts, using a context graph which consists of the items which G and H have in common.
The basic idea b e h i n d our approach is to accept that rewriting can only add items to a graph, but not remove any. Instead of removing items, items will be marked. So our graphs will consist of items of two kinds: those which are marked and those which are not. The marked items are to be considered as garbage.
The key difference between the approach of Raoult and Kennaway and our approach is that our graph morphisms, contrary to those of Raoult and Kennaway, preserve the graph structure; they only may violate the markedness of items.
In section 2 we introduce formally our category of graphs and graph 
The category of marked graphs
The objects in our category are marked graphs, which are graphs with items of two kinds: m a r k e d items and unmarked items. Note that the pushout will always exist, but the marked graph rewriting will not exist unless H is proper.
Connection between the rewrite rules in both formalisms
In this section we will show how one can construct a marked rewrite rule from a rewrite rule in Ehrig's approach which has intuitively the same meaning, and vice versa. These constructions are the inverse of each other, so we obtain a meaning preserving bijection between the rewrite rules in both formalisms. For each rewrite rule a marked rewrite rule can be constructed as follows. First construct the graph Q and the morphism f : L -9 Q by the following pushout:
So Q is the graph which is obtained by gluing from L and R their common part together. Let P be the proper marked graph which is obtained from Q by marking the nodes in fI(NL\bINK) and the arcs in f2(AL\b2AK), and let e : Q -~ P be the morphism with the property that e I and e 2 are the identity mapping. Then (eof, L,P) is a marked rewrite rule which has the same informal interpretation as the rewrite rule 
Proof
The proof is given in section 7.
So we have obtained a meaning preserving biJection between rewrite rules and marked rewrite rules.
Comparison of rewrite results in both formalisms
In this section we will show that corresponding rewrite rules give the same rewrite results in both formalisms when the rewrite result in Ehrig's formalism exists. First we introduce a graph rewriting in
The 
The right upper rectangle is a pushout and P is obtained from Q as 
Proposition 3
In the situation described above T is a proper marked graph and its unmarked subgraph is isomorphic to H.
Proof
¢
So, when an Ehrig rewriting G ) H via some rewrite rule exists, there also exists a marked rewriting M ) T via the corresponding marked rewrite rule for each M whose unmarked subgraph is G, such that the unmarked subgraph of T is H. Proposition 3 also shows that, when a series of marked rewritings is performed on a graph, it is not necessary to delete the marked items after each step.
The marked gluing condition
Given The (marked) rewrite rule means that double arcs in a graph may be removed, and it is tried to use this rule to remove a single arc.
An example which shows that the marked gluing condition is not a necessary condition for the existence of a marked graph rewriting is the following.
The upper line is a marked rewrite rule which says that from each two nodes one node may be removed. This rule is applied to a graph consisting of one single node. The rewriting succeeds, even though the marked gluing condition does not hold. respectively. Then there exist a marked graph P and marked graph rewritings H )P and H' )P via r" and r respectively.
Proof
Note that parallel independence of G )H and G ) H' is necessary and sufficient for (hog',L',H) and (h'°g,L,H') to be marked occurrences. A standard result from category theory gives that the two rectangles LRPH' and L'R'PH are also pushouts. The proposition has been proven if we show that H )P and H' ........... )P are two marked graph rewritings, i.e. that P is a proper marked graph. This will be shown in section 7. 0
Proofs
In this section we will present a number of proofs of propositions given in the previous sections. We have postponed these proofs to this section since for these proofs we will introduce a special notation for graphs. extensively. This leads in general to a case-analysls with many cases, and to proofs which are boring to read.
In this section a graph will be denoted as a partition of its items.
Sets of items will be denoted by small numbers. The items of a set will either be all marked or all unmarked; sets of marked items will excluded. So we conclude that n and a cannot exist; thus P is a proper marked graph. ¢
